The problem of piezoelectric laminates with speci ed surface tractions and surface and internal electric potentials is studied. By writing the governing equations in the state-space formulation, employing an asymptotic expansion technique, and expressing electric displacement jumps across internal electrodes in terms of basic unknowns, the three-dimensional problem is reduced to a hierarchy of two-dimensional equations with the same homogeneous operators for each order. Different nonhomogeneous terms are only related to the preceding-order solution and can be readily determined by recurrence relations. Moreover, for pure elasticity, the present eld equations of the leading order represent the classical thin elastic plate model. The proposed formulation is illustrated by considering a rectangular piezoelectric plate made of an orthotropic material, and with its edges simply supported and grounded. The convergence of the solution is discussed and the repeated averagin g technique for partial sums is used to accelerate the convergence of the series solution. Computed results are found to agree well with available analytical results, and new results for electromechanically coupled problems are presented.
I. Introduction
A smart structural system is a multifunctional unit involving active materials for performing the operations of distributed modeling, sensing, and control of passive load-bearing structures. 1 -8 Integrated active materials are comprised of piezoelectric patches and layers that act as sensors and actuators. Because of their compact size and light weight, a great number of piezoelectric elements can be used without signi cantly changing the structural properties of the entire system. However, the structure does become more brittle.
Analogous to the two-dimensional approaches for constructing equivalent single-layer plate and shell theories of elastic laminates, various piezoelectric plate and shell theories 9 -15 have been proposed. These theories assume the same forms of the overall throughthickness distributions of mechanical displacements as those in the classical and shear deformation elastic plate and shell theories. However, these theories are not very accurate even for purely elastic laminates as transverse tractions do not generally satisfy the continuity conditions at the layer interfaces. 16 , 17 To develop consistent two-dimensional theories for elastic laminates, asymptotic approaches 18 -25 have been used to reduce threedimensional eld equations to two-dimensional equations that can be successively solved in a systematic manner. The leading-order approximation of an asymptotic theory for thin single-layer piezoelectric plates 26 , 27 has also been proposed. By extending the work 28, 29 for simply supported elastic laminates, exact solutions for simply supported laminated piezoelectric plates 30 -32 were given. Transfer matrix approaches 33 -38 were developed to study the electromechanical coupling characteristics of laminated piezoelectric plates. In the conventional transfer matrix description for a multiple-layer stack, the displacements, out-of-plane stresses, electric potential and transverse electric displacement are chosen as the termination parameters because they are continuous across layer interfaces. Thus the interfacial continuity conditions can be easily satis ed. However, for a structural element with internal conducting electrodes, the normal electric displacement must be different on the two sides of an electroded surface. In this case the transfer matrix description must be modi ed to accommodate the discontinuity in the normal electric displacement. 33 Here, we present an asymptotic expansion method for the analysis of piezoelectric laminates with surface and internal electrodes. The transfer matrix formulation is given in a compact form by using the tensor notation. By expressing transverse electric displacement jumps across internal electrodes in terms of basic unknowns, we provide a hierarchy of two-dimensional problems whose solution determines the solution of the given three-dimensional problem. These two-dimensional problems can be easily solved when boundary-layer effects are negligible. Results for three example problems are presented. These establish the validity and accuracy of the present approach, and also point out some de ciencies in the two-dimensional models.
II. State-Space Equations
We consider an undeformed laminated plate of uniform thickness h in a rectangular Cartesian coordinate system {x i }(i = 1, 2, 3), with the lower plane of the plate coinciding with x 3 = 0. The plate is composed of different homogeneous monoclinic piezoelectric materials. Hereafter, a comma followed by a subscript i denotes the partial derivative with respect to x i , and a repeated index implies summation over the range of the index with Latin indices ranging from 1 to 3 and Greek indices from 1 to 2.
In the absence of body force and electric charge density, the eld equations of elastic equilibrium and Gauss's law of electrostatics are 39 , 40 
where s i j is the stress tensor and D i the electric displacement. The in nitesimal strain tensor S kl and electric eld E k are related to the mechanical displacements u k and the electric potential } through the gradient relations
Equations (1) and (2) are supplemented by the following constitutive relations for a linear piezoelectric body:
Here c i jkl is the fourth-order elasticity tensor measured at a constant electric eld, e ki j the third-order piezoelectric tensor, and e i k the second-order dielectric tensor measured at a constant strain. These material moduli exhibit the following symmetries:
The constitutive relations for monoclinic piezoelectric materials whose material properties are symmetric with respect to re ections in the midplane can be written as
The numbers of nonzero independent elastic, piezoelectric, and dielectric moduli are, respectively, 13, 8, and 4 for a monoclinic material. The material moduli are taken to be piecewise constant functions of x 3 for the laminated plate. To develop an ef cient and analytical methodology for accurate and reliable investigation of three-dimensional deformations of smart plates, the preceding equations are written in a state space as
where we have scaled the thickness coordinate x 3 = e z by the small parameter e = h / a with a being a typical in-plane dimension. Thus e @/ @x 3 = @/ @z´@ z , and z varies from 0 to a as x 3 goes from 0 to h. Furthermore, (10) and K b q and L b q are matrices with each of their elements being a tensor and
Here d a b is the Kronecker delta and we have used superscripts, to which the conventional summation also applies, to denote the row and column indices of a matrix element. The subscripts of the corresponding element, which is a vector or a tensor, imply the usual components of a tensor. These submatrices are only related to the material moduli depending on x 3 . The in-plane stresses and in-plane electric displacements, which may be discontinuous in x 3 , are given by
In the absence of internal electrodes, F and G must be continuous across each interface layer.
III. Asymptotic Approach
The general problem of piezoelectricity is to determine the global and local electroelastic elds under applied mechanical and electric loading. In this paper the mechanical loading is speci ed by the tangential tractions q § a and the normal pressures q § 3 imposed on the top and bottom plate surfaces, whereas the electric loading is speci ed by applied potentials. Speci cally, the two bounding surfaces and r electroded interfaces of the plate are coated with very thin conducting electrodes. These electrodes may carry an alternating forcing potential. For simplicity, the thickness of each electrode is neglected, and it is modeled as a mathematical surface with a speci ed electric potential. The distance between the i th internal electrode surface and the bottom-most surface of the plate is (i) a. In particular, we set (0) a = 0 and (r + 1) a = a for the position of the bottom most and top most surfaces. The electroded surface at z = (i ) a is subjected to the electric potential For general mechanical loading conditions (excluding the particular case where the tractions on the top and bottom surfaces are equal), the transverse shear stresses are of the order O(e 2 ), and the transverse normal stress is of the order O(e 3 ), as in the case of pure elasticity. 18 These surface forcing functions are then scaled as
The electric potential is constructed to be of the order O(e 2 ), i.e.,
To nd solutions of successive approximations, we express the state-space functions F and G in the form of a regular expansion in terms of the small parameter e as
Then the surface traction conditions (13) and (14) and the electric potential conditions (15) for surface and internal electrodes may be expressed by the components of the expansion terms of F and G. For the leading order
and for the remaining orders
Substitution of Eq. (16) into Eq. (6) leads to the following simple recurrence relations:
A solution can be obtained by successively integrating these differential equations with respect to z and using Eqs. (17) (18) (19) (20) (21) (22) , i.e.,
where we denote the basic unknowns, the components of expansions of three mechanical displacements and the electric displacement at the lower surface z = 0 of the plate, as
and the electric displacement jump across the j th internal electrode as
with H [z ¡ ( j ) a] being the Heaviside step function and
Because of the presence of internal electrodes, the transverse electric displacement is not continuous across each of the internally electroded surfaces, and the continuity condition for the transverse electric displacement at z = (i ) a must be modi ed. However, here we specify the electric potential } [ (i ) a]. We include the electric displacement jumps [Eq. (28) ] in the expression (25) after the integration of Eq. (23b) with respect to z.
Most plate theories implicitly designate the midplane of a plate to be the reference plane, and hence the basic unknowns are those at the midplane. It is clear, however, that at least four components of the unknown functions F and G will be known a priori when we choose either of the bounding plate surfaces to be the reference plane. Accordingly, the problem will be reduced to determining the remaining components of the unknown functions. For the speci c problem the basic unknowns are chosen as the mechanical and electrical displacements on the bottom-most surface of the plate, i.e., Eq. (27) . These unknowns are determined such that conditions (13) (14) (15) for the tractions and the electric potential on the top-most surface z = a and for the electric potential at the internal electrodes are satis ed.
Substituting the expression (26) for g (n) into Eq. (25) and simplifying the result, we obtain
where
With expressions (30) and (31b), we obtain the following recurrence relation for the auxiliary function H (n) :
ù ú ú ú ú ú ú û ü ï ï ï ï ï ï ý ï ï ï ï ï ï þ (32) with the leading term H (0) = 0. Note that H (n) contributes to the higher-order effective load terms in our asymptotic equations to be given later.
With the notation
and in particular
and using Eq. (26), conditions (22) for the electric potentials specied on the internal electrodes and the upper surface of the plate can be written as
where an uppercase subscript L takes values from 1 to 4 and the usual summation convention applies to L. Furthermore, by using Eq. (30) and the relation
Eq. (35) for i = 2, . . . , r + 1 may be written in an alternative form
where C i j is a lower-triangular matrix de ned by
Note that B 44 = N 22 is only related to the material moduli depending on x 3 , and thus (C i j ) is a constant matrix. Equation (37) may be viewed as a set of r linear algebraic equations for the electric displacement jumps
3 , which, using the property that the inverse of a lower-triangular matrix is also a lower-triangular matrix, give the expression
The upper surface traction conditions (20b) and (21b) may be alternatively expressed through Eqs. (25) and (26) as
Further using Eqs. (26) and (40) 
wherẽ
Equation (43) is the key eld equation obtained through our eld asymptotic approach, from which the unknowns (44) of each order can be solved with speci ed edge conditions, material parameters, and loads. Equation (43) shows that Y is only related to the eld equation at the leading-order (n = 0), whereas H (n) only contributes to the higher-order eld equations because H (0) = 0, as mentioned earlier. However, Y is known a priori from Eq. (46); therefore, the leading-order unknowns can be determined from the leading-order eld equation, i.e., from the so-called classical equation generalized to piezoelectric plates under prescribed surface and internal electric potentials as well as mechanical loads. Then H (1) can be obtained from Eq. (32) by use of Eqs. (31a) and (39) , and hence the unknowns for n = 1 can be solved from the associated eld equation of the corresponding order. Such a procedure may be continued to compute higher-order solutions, which may be considered as corrections to the so-called classical solution.
The differential operatorR given by Eq. (45) for the eld equations (43) of all orders may be recognized, when degenerated from piezoelectricity to pure elasticity, as being identical with that of the classical plate theory 41 for the bending of a thin monoclinic plate or laminate. Moreover, the matrix operatorsR and R in Eq. (43) have the same form for the eld equations of all orders. Apart from Y, which is nontrivial only for the leading order, the effective loads on the right-hand sides of Eq. (43) only involve derivatives of the auxiliary function H (n) with respect to x a and its integration with respect to z. The auxiliary function of higher order may be obtained from its preceding-order solution from Eqs. (32) and (39) .
Note that expressions (39) give jumps in the electric displacement terms of other relevant physical quantities of the same order. Thus the order of eld equations and the number of unknowns are not increased. When no internal electrodes are present, Eq. (39) and all terms involving summations in Eqs. (45) and (46) are discarded. It is possible to apply this technique to problems of composite laminates with weakened interfaces and delamination.
IV. Numerical Results and Discussion
To illustrate the aforestated asymptotic method, we consider a rectangular piezoelectric plate with its edges simply supported and grounded at x 1 = 0, a and x 2 = 0, b, i.e.,
The mechanical and electric loadings are speci ed as
where a quantity with a superimposed hat denotes the amplitude of the corresponding physical quantity. Various quantities may not assume their maximum values at the same location. The pointwise edge conditions (47) can be satis ed by assuming
A solution of each order may be obtained in the way described earlier and numerical results computed to any desired degree of accuracy for the speci c problem.
The materials used in the paper are ber-reinforced composite 30 (FRC), lead zirconate titanate 42 (PZT-4), and polyvinylidene uoride 43 (PVDF). The material moduli of FRC, PZT-4, and PVDF are shown in Table 1 , where e 0 is the permittivity of vacuum. Because a linear theory is used, results for complex loadings can be obtained by a superposition of respective results in relation to simple loadings. Two loading conditions are examined in the following three numerical examples. One corresponds to applied normal tractions with vanishing electric potentials and another to applied electric potentials with vanishing normal tractions. For both cases m 1 = m 2 = 1 is used, and shear tractions on the top-most and bottom-most surfaces are set equal to zero, i.e., q § a = 0. The mechanical and electric quantities are nondimensionalized bȳ
with c ¤ = 1 N/m 2 , e ¤ = 1 C/m 2 , and either P =q3 / c ¤ for applied mechanical load ¡ q 3 or P =V (e ¤ / ac ¤ ) for applied electric potential V .
A. Hybrid Laminate
In the rst example results obtained from the aforestated asymptotic approach are compared with those obtained from the exact solution. 30 A two-ply (0 deg/90 deg) piecewise homogeneous FRC laminate with the 0-deg lamina on the top is perfectly bonded between two homogeneous PZT-4 piezoelectric layers. Thicknesses of the PZT-4 lamina and the FRC lamina equal 0.1h and 0.4h, respectively. The hybrid laminate (a/ b = 1, a/ h = 4) without internal electrodes is subjected to normal traction q + 3 and electric potential (1) V on the upper surface. Some selected results are given in Table 2 , together with the exact values. 30 The order of the present solution is increased from 0 to 40. In addition, the repeated averaging technique for n partial sums (denoted as n term RA in Table 2 ) is used to accelerate the convergence of the asymptotic results. The technique can be shown to be a special case of Euler's transformation; more details may be found, for example, in the book. 44 The present asymptotic solution for the applied mechanical loading converges more rapidly than that for the applied electric loading. The second-order approximation for the applied mechanical loading is quite good with an error of less than 2%. However, this is not the case for the applied electric loading. The error in the 10th-order aproximation for the applied potential is more than 10% when these results are compared with 10th-order results obtained by using ve-term repeated averaging. Furthermore, even for the 40th-order solution, the value ofs 13 changes in the third signi cant digit. However, the 6th-order solution obtained by using three-term repeated averaging is better than 10th-and 30th-order approximation for applied mechanical and electric loadings, respectively. Numerical convergence is reached at least to four signi cant digits for the 10th-order results with ve-term repeated averaging, which are in excellent agreement with the exact solution. 30 In principle, results can be computed to any desired degree of accuracy for a speci c problem by the present method; thus, the technique gives a pseudoexact solution in this sense. The slight difference between our and Heyliger's 30 results is possibly caused by different truncation errors in the two studies. In the results given in Figs. 1-6 and Table 3 , the repeated averaging technique is used to achieve the desired accuracy.
B. Two-Layer Laminate of Dissimilar Piezoelectric Materials
A two-layer laminate of dissimilar piezoelectric materials PZT-4/PVDF with PZT-4 on the top is considered in this example to show The dimensionless amplitude of the through-thickness electric potential for the two-layer PZT-4/PVDF laminate is presented in Fig. 1 for the applied mechanical load and in Fig. 2 for the applied electric potential. As expected, the electric potential distributions in Figs. 1 and 2 are nonlinear through the thickness for both moderately thick (a/ h = 10) and thin (a / h = 20) laminates. Therefore, the usual assumption, made in existing piezoelectric laminate theories, that the electric potential is represented by a continuously differentiable function through-the-plate thickness is not appropriate. However, it is more reasonable to model the electric potential by assuming a piecewise quadratic distribution for the applied mechanical load case (see Fig. 1 ) and a piecewise linear distribution for the applied potential case (see Fig. 2 ). In the three-layer cross-ply simply supported square plate with the stacking sequence [0/ 90/ 0] made of PVDF, Heyliger 31 found that the through-thickness distribution of the electric potential is nearly parabolic when normal tractions are applied on the top and/or bottom surfaces of the plate. However, it is almost linear when an electric potential is applied across these surfaces. In each case the curve can be represented by a continuously differentiable function. Thus the through-thickness variation of the electric potential in a laminated piezoelectric plate depends upon the loads on its top and bottom surfaces, the stacking sequence, and the relative anisotropy of the adjoining laminae.
An exact analytical solution for a single-layer thin plate 45 has revealed that it is reasonable to neglect in-plane components of the electric eld in some of two-dimensional thin piezoelectric plate theories if the transverse electric displacements on the upper and lower surfaces of a plate are equal. This is justi ed because the ratio of the in-plane to out-of-plane components of the electric eld is of the order of the plate thickness parameter, which is a small quantity. However, for plates where the transverse electric displacements on the top and bottom surfaces are unequal, the thin piezoelectric plate models are not appropriate as they have neglected the in-plane electric eld components, which, compared with the transverse electric eld, are of the order of the reciprocal of the plate thickness parameter. This becomes clear from the numerical results given in Fig. 3 , where the through-thickness distribution of the amplitude ratio of in-plane to out-of-plane electric eld componentsÊ a /Ê 3 , which is discontinous at the PZT-4/PVDF interface, is shown. We notice that although the in-plane electric eld components are negligibly small in the PVDF layer they are more signi cant than the transverse electric eld component in the PZT-4 layer. Consequently, the assumption of negligible in-plane electric eld components is not valid. Figure 4 shows the through-thickness distribution of the amplitude of the out-of-plane mechanical displacement. The distribution is approximately piecewise linear through the plate thickness. Thus the approximation of constant through-the-thickness distribution of the out-of-plane displacement made in existing two-dimensional piezoelectric plate theories is not satisfactory at least for a two-layer laminate of dissimilar piezoelectric materials.
C. Laminate with Af xed Actuators
The last example considers an elastic laminate with actuators bonded symmetrically to its top and bottom surfaces. This smart structural element is chosen to have the same con guration as the four-ply (PZT-4/ 0-deg FRC/90-deg FRC/PZT-4) hybrid laminate studied in the rst example, and the distributions of the transverse shear stress and the normal stress through-the-plate thickness are examined for a/ h = 4 and 10. Because the electric voltage is applied to the surfaces of an actuator, two internal conducting electrodes on the inner surfaces of the PZT-4 actuators are incorporated. Accordingly, four electrodes of vanishing thicknesses are present. The amplitudes of the electric potentials on these electrodes are speci ed asV , 0, 0, andV at x 3 = 0, h / 10, 9h / 10, and h, respectively.
The dimensionless midplane central de ection and the jump in the central electric displacement across the internal electrodes for a / h = 4, 10, 20, and 50 are listed in Table 3 . The midplane central de ection increases very rapidly as the thickness of the plate is decreased. The magnitude of the jump in the central electric displacement is essentially proportional to a/ h for the four cases studied. The through-thickness distribution of the nondimensional transverse shear stress, depicted in Fig. 5 , is virtually the same for a/ h = 4 and 10, is continuous across the interfaces, and its maximum value occurs at the interface between the substrate and the top actuator. For the problem studied herein delamination will rst occur at this interface. For two plates of equal thickness, the dimensional transverse shear stress will be inversely proportional to an in-plane dimension. However, the through-thickness distribution of the normal stress, exhibited in Fig. 6 , is strongly in uenced by the aspect ratio a / h of the plate. The boundary conditions at the top and bottom surfaces required thatŝ 33 vanish there, and the continuity ofŝ 33 across the interfaces is well satis ed. For a thick plate with a / h = 4, the magnitude of the normal stress is maximum at x 3 / h ' 0.225 and 0.775.
V. Conclusions
We have presented an ef cient and reliable asymptotic scheme that reduces a three-dimensional coupled electromechanical problem of a laminated piezoelectric plate to a hierarchy of two-dimensional plate equations that can be solved systematically without progressively increasing dif culty. The incorporation of internal electrodes into the analysis is one of the novel aspects and enlarges the applicability of the present formulation to a wide range of practical problems. Numerical results show excellent agreement with available exact solutions and bring out some of the de ciencies in existing two-dimensional piezoelectric plate models. The method satis ed the continuity of surface tractions at the interfaces and can account for the jump in the normal electric displacement across the internal electrodes.
The computation of higher-order terms in the expansion requires the knowledge of the relevant boundary conditions, 26 which could be obtained by studying the boundary-layer effects along the contour of the plate. Admittedly, this is a dif cult problem. However, by specifying the boundary conditions of each order on the reference plane of a plate, the solution in the interior of the plate is expected to be suf ciently satisfactory for most engineering problems.
